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The defect-induced localization in many positions of the quantum random walk
Tian Chen1, ∗ and Xiangdong Zhang1
1School of Physics, Beijing Institute of Technology, Beijing, 100081, China
We study the localization of probability distribution in a discrete quantum random walk on an
infinite chain. With a phase defect introduced in any position of the quantum random walk (QRW),
we have found that the localization of the probability distribution in the QRW emerges. Different
localized behaviors of the probability distribution in the QRW are presented when the defect occupies
different positions. Given that the coefficients of the localized stationary eigenstates relies on the
coin operator, we reveal that when the defect occupies different positions, the amplitude of localized
probability distribution in the QRW exhibits a non-trivial dependence on the coin operator.
I. INTRODUCTION
The classical random walk (CRW) has proven to be a
powerful technique in classical algorithms [1]. Its quan-
tum counterpart, quantum random walk (QRW) [2–7],
has also been employed in designing quantum algorithms
and displayed its advantage in the universal quantum
computation [8–15]. Another interesting aspect of study
in the quantum walk architecture is the localization of po-
sition distribution [16–18]. Such study of localization has
its applications in the exploration of properties of low di-
mensional materials, i.e., Anderson localization [19], and
the understanding of the building quantum walk algo-
rithms and quantum computations [9], etc. Many dif-
ferent methods have been proposed to realize the local-
ization of position distribution in the QRW architecture.
With the introduction of static or dynamic disorder into
the standard QRW, the interference patten of the QRW
becomes changed, the position distribution in the walk
shows diffusive spreading and the localization effect un-
der some conditions, not the ballistic spreading in the
standard QRW [16–18, 20–25]. Moreover, by modifying
the phase of the positions of the QRW, we can localize
the particle in some certain positions, and the probabil-
ity distribution for the different positions of the QRW
displays a periodical behavior with time [16, 23]. Re-
cent researches illustrated that when only the phase of
the original position of the QRW is modified (it means
that only one single phase defect is introduced at the
original position), one will obtain a sharp allocation of
distribution for this particular position in our QRW at
the infinite time [26–31]. This QRW incorporating one
position-dependent phase defect has been realized with
the aid of beam displacers and phase shifters in experi-
ment already [32, 33].
In our work, we study the localization of the position
distribution of a QRW on an infinite line. The inho-
mogeneity is introduced with one phase defect residing
at the position x = n. As stated in the previous pa-
per, if the defect occupies the position x = 0 or x = 1,
the probability distribution for certain positions in the
∗
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QRW architecture will not tend to zero even the time ap-
proaches the infinite limit [26, 29, 32]. Our results reveal
that, when the defect is introduced into any position of
the QRW, the localization of the probability distribution
will appear with our chosen initial state. The amplitude
of localized probability relies on the overlap between the
localized stationary eigenstates and the initial state. We
find that, at the position where the defect occupies, the
amplitude of the probability distribution of this QRW ex-
hibits the non-monotonic increase with the increase of the
parameter θ of the coin operator C(θ), while in compari-
son, the probability of occupying the defect’s position at
x = 0 or x = 1 shows a linear increase with the parameter
θ [32]. Given that the expressions for localized station-
ary eigenstates of the QRW with different coin operators
have been obtained in our work, we present a reasonable
analysis for this non-trivial dependence on the coin oper-
ator. The potential experimental realization of our QRW
with the phase defect is proposed at the end.
The organization of our work is as follows, Sec. II
introduces our QRW architecture with one single phase
defect. The localized stationary states with different coin
operators are presented. In Sec. III, we study the posi-
tion distribution of the QRW with the defect. We take
the defect residing at the position x = 2 or x = 3 as
examples, and analyze the effect of the coin operator on
the position distribution in the QRW. Then we propose
a potential experimental realization for the QRW. We
conclude in Sec. IV.
II. THE QUANTUN RANDOM WALK WITH
DIFFERENT COIN OPERATORS
The one step in the QRW architecture is represented
as Uφ which consists of one coin operator C(θ) and one
conditional shift operator Sφc .
Uφ = (
∑
c=0,1
|c〉〈c|
⊗
Sφc )(C(θ)
⊗
I), (1)
where the Hilbert space of coin system Hc is spanned
by |c〉, c = 0, 1, and the Hilbert space of position Hp is
spanned by |x〉, x ∈ Z. The total system is comprised
by the coin and the position. The coin operator C(θ) is
2θ-dependent, that is,
H = C(θ) =
(
cos θ sin θ
sin θ − cos θ
)
. (2)
When θ = pi/4, the coin operator takes the form as the
familiar Hadamard matrix. The conditional shift opera-
tor Sφc allows the particle to walk into different directions
according to the coin state,
Sφ0 |m〉 = e
2piiφδx,m |m− 1〉,
Sφ1 |m〉 = e
2piiφδx,m |m+ 1〉.
(3)
The effect of the defect is contained in the phase. When
the particle walks through the position x = m, it will
acquire an additional phase 2piiφ. We assume that the
state of the position and the coin is,
|ψ〉 =
∑
n
(αn|0〉c|n〉p + βn|1〉c|n〉p). (4)
The subscript c (p) indicates that this state belongs to
the Hilbert space for the coin (position). After applying
one step Uφ to the total system, we obtain the expressions
of the amplitude αn and βn when the particle starts from
the position n = m at the discrete time t,
αm−1(t+ 1) = ω · αm(t) · cos θ + ω · βm(t) · sin θ, (5a)
βm+1(t+ 1) = ω · αm(t) · sin θ − ω · βm(t) · cos θ; (5b)
Here, the parameter ω denotes the phase e2piiφ, with φ ∈
[0, 1). When the particle starts from the position, n 6= m
at time t, the time evolution for coefficients αn and βn
are,
αn(t+ 1) = αn+1(t) · cos θ + βn+1(t) · sin θ, (6a)
βn(t+ 1) = αn−1(t) · sin θ − βn−1(t) · cos θ. (6b)
Considering the particle starts from the original position
(x = 0) initially, it is clearly that the particle occupies
even (odd) positions of the QRW architecture when the
particle takes the even (odd) steps. To find the localized
stationary states of the QRW with the defect, we apply
two-step evolution operator U2φ for the total system. Fol-
lowing the method presented in Ref. [26], the probability
amplitude αn and βn (n 6= m) can be obtained as,
αn(t+ 2) =αn+2(t) · cos
2 θ + βn+2(t) sin θ · cos θ
+ αn(t) sin
2 θ − βn(t) sin θ · cos θ = λ · αn(t),
(7a)
βn(t+ 2) =αn(t) · cos θ · sin θ + βn(t) sin
2 θ
− αn−2(t) · sin θ · cos θ + βn−2(t) · cos
2 θ = λ · βn(t).
(7b)
Here, the parameter λ stands for the eigenvalues of U2φ.
Combining Eq. 7a and Eq. 7b, we can get,
βn+2 =
αn+2 − λ · αn
λ− 1
cot θ. (8)
Substituting the expression of βn into Eq. 7b, we achieve
the expression as,
λ cos2 θαn+2 − (λ
2 − 2λ sin2 θ + 1)αn + λ cos
2 θαn−2 = 0,
n 6= m± 2,m.
(9)
The general solution of this equation is,
αn = C+ · z
n−m + C− · z
−(n−m), (10)
where C+ and C− are constant coefficients. Considering
the convergence of αn when n→ ±∞, we can obtain the
expression for αn with substituting Eq. 10 into Eq. 9,
αn = C+ · z
n−m, n ≥ m+ 2, (11a)
αn = C− · z
−(n−m), n ≤ m− 2. (11b)
Here, z is the solution of Eq. 9 when its value satisfies,
|z| < 1. With replacing the expressions of αn above into
into Eq. 8, we can obtain βn as,
βn+2 = C+
z2 − λ
λ− 1
zn−m · cot θ, n ≥ m+ 2, (12a)
βn+2 = C−
1− λ · z2
λ− 1
z−(n−m+2) · cot θ, n ≤ m− 4.
(12b)
Taking into account the additional phase acquired when
the particle walks through the defect at position x = m,
we can get the coupled equations for the probability am-
plitude αn and βn (n = m) with the evolution operator
U2φ as,
αm+2 cos
2 θ + βm+2 sin θ cos θ + ωαm sin
2 θ − ωβm sin θ cos θ
=λαm,
(13a)
ωαm cos θ sin θ + ωβm sin
2 θ − αm−2 sin θ cos θ+βm−2 cos
2 θ
=λβm,
(13b)
ωαm cos
2 θ + ωβm sin θ cos θ + αm−2 sin
2 θ − βm−2 sin θ cos θ
=λαm−2,
(13c)
αm cos θ sin θ + βm sin
2 θ − ωαm sin θ cos θ + ωβm cos
2 θ
=λβm+2.
(13d)
The parameter λ stands for the eigenvalues of U2φ, also.
Following the obtained equations above, the explicit ex-
pressions for αm and βm are,
αm =
αm+2
λ
+
1− λ
λ
βm+2 · tan θ, (14a)
βm =
λ− 1
λ
tan θ · αm−2 +
1
λ
βm−2. (14b)
3With the aid of representations as, αm+2 = C+ · z
2,
αm−2 = C− · z
2, βm+2 = C+
z2−λ
λ−1 cot θ, and βm−2 =
C−
1−λz2
λ−1 z
2 · cot θ, we obtain the probability distribution
αm and βm at the position x = m that the defect occu-
pies as,
αm = C+, (15a)
βm = C−
1− λz2
λ− 1
cot θ. (15b)
We replace the term αn and βn of Eq. 13a and Eq. 13b
with the expressions above. The relation between the
phase ω induced by the defect, the eigenvalue λ of U2φ
and the angle θ of the coin operator is shown as,
ω2 · sin2 θ · cos2 θ = (y · cos2 θ +
y − λ
λ− 1
cos2 θ + ω · sin2 θ − λ)
(λ− y · cos2 θ − ω · sin2 θ +
λ− 1
1− λy
y · sin2 θ),
(16)
where we use y to replace z2. The expression for y can
be obtained as,
y =
λ2 + ω2 − 2λ · ω · sin2 θ
λ+ λ · ω2 − 2λ · ω · sin2 θ
. (17)
The relation between the constants C+ and C− is,
C−
=C+
cos2 θ · (λ− ω2) + (ω · sin2 θ − λ)(1 + ω2 − 2ω · sin2 θ)
ω · cos2 θ · (2ω · sin2 θ − λ− 1)
.
(18)
Considering the normalized condition for the summation
of |αn|
2 and |βn|
2, we can get the values of C+ and C−,
and the coefficients αn and βn at different positions n
can be obtained.
III. RESULTS AND DISCUSSION
A. Localization with the defect occupying different
positions
In the following, we study the localization of proba-
bility distribution of the QRW at different positions. As
well known that, if the particle starts from the original
position (x = 0), the particle will occupy only even (odd)
positions with the even (odd) step evolution. In our nu-
merical calculation, same probability distributions of the
QRW with or without defects can be obtained when the
defect occupies the position x = 0 or x = 1 [26, 27, 29].
We explore the properties of probability distribution of
the QRW in which the defect occupies a farther position
(x ≥ 2) next. We take the single phase defect locating
at the position x = 2 or x = 3 as examples. The parti-
cle starts from the original point, x = 0, then undergoes
many steps of the evolution in the quantum walk archi-
tecture with the single phase defect occupying the posi-
tion x = 2 or x = 3. The probability distributions of the
QRW with and without defects are presented in Fig. 1. It
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FIG. 1. (Color online): The probability distribution of the
position in the QRW with different steps. Blue solid, the
probability distribution of the QRW with one single phase
defect. Red dotted, the probability distribution of the stan-
dard QRW without defects. The initial state of the coin and
position is taken as, |Φ〉ini = (
i√
2
|0〉+ 1√
2
|1〉)c|0〉p. The phase
of the defect, φ = 1/2. Figure (a) and (b), the defect occu-
pies the position x = 2. A sharp peak of probability is found
at position x = 2. The parameter θ of the coin operator is
chosen, θ = pi/6. Figure (c) and (d), the defect occupies the
position x = 3. A sharp peak of probability is found at posi-
tion x = 3. The parameter θ of the coin operator is chosen,
θ = pi/8.
is clearly seen that when the defect appears, the proba-
bility of occupying the position around x = 2 (Fig. 1 (a),
(b)) or x = 3 (Fig. 1 (c), (d)) does not tend to zero, no
matter how many steps the particle has taken (Blue solid
lines in Fig. 1). The probability locating at the position
x = 2 or x = 3 keeps the same value with the increase of
steps. While, the probability distribution of the standard
QRW without defects shows the ballistic spreading. No
localization of probability distribution in the QRW can
be found in such case (Red dotted lines in Fig. 1). As
stated previously [26], the localization of the probabil-
ity distribution in the QRW means that the amplitude
of probability at certain position will not tend to zero
with time changing. Due to the emergence of localized
eigenstates induced in the QRW with defects (see Sec. II
above of our paper and related parts of Ref. [26, 29]), the
localization in the QRW appears with the appropriate
choice of initial states. Though in small steps of evo-
lution, the localized probability in the QRW where the
defect occupies the position x = 2 or x = 3 mingles with
the diffusion of the probability, the localization becomes
apparent when the steps of evolution is large. Another
interesting feature in the QRW with defects is needed
to be mentioned that the probability distribution of the
QRW exhibits an asymmetrical distribution around the
4defect’s position x = 2 (from Fig. 1 (a) to (b)). Due to
the reflection of the defect, a larger probability distribu-
tion can be found in the left side of the position x = 2,
when compared to the smaller probability of transmis-
sion in the right region of the position x = 2 [27]. The
similar behaviors of probability distribution can be found
when the defect occupies the position x = 3, see Fig. 1
(c) and (d).
Next, we discuss the amplitude of localized probabil-
ity at the position where the defect occupies. Different
positions are chosen. The particle starts from the origi-
nal position (x = 0). From Fig. 2, when the evolution of
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FIG. 2. (Color online): The amplitude of localized probability
at the position where the defect occupies. For the defect
resides at the even positions, the step of the evolution in the
QRW is 980; for the defect occupies the odd position, the step
of the evolution in the QRW is 981. The initial state of the
coin and position is taken as, |Φ〉ini = (
i√
2
|0〉 + 1√
2
|1〉)c|0〉p.
The phase of the defect, φ = 1/2. The parameter θ of the coin
operator is chosen, θ = pi/6. Blue dotted, the QRW with one
defect; red diamond, the QRW without defects. The figure
inset reveals the amplitudes of localized probability for the
position of the defect changes from 6 to 10.
QRW is executed about 1000 steps, we find that the local-
ization of probability distribution emerges at the certain
position where the defect occupies. Though the mag-
nitude of probability localized at the position x ≥ 6 is
small, such probability will never decrease to zero with
the increasing the step evolution of the QRW. As pre-
sented in inset of Fig. 2, when the step of the evolution
is around 1000, the probability at the position x = 9 or
x = 10 of the QRW with defects is smaller than that
of standard QRW without defects. With the increase of
step of the evolution, the localized probability at the po-
sition x = 9 or x = 10 of the QRW with defects keep
the same value, while the amplitude of probability for
the standard QRW at position x = 9 or x = 10 decay
to zero. It indicates that the localization of probability
distribution in the QRW with defects appears indeed.
B. The effect of coin operators on the localization
We study the effect of different coin operators on the
localization in the QRW. In our discussion, the one step
of evolution Uφ contains the θ-dependent coin operator
(C(θ)), followed by the conditional shift operator. To
analyze the localization of probability distribution with
the localized eigenstate of the QRW, we need to consider
the operator U2φ containing the two-step evolution in the
QRW. We explore the properties of the probability distri-
bution in the QRW with the even step evolution at first,
then the odd step evolution of the QRW is discussed.
Even case. We take the defect occupying the position
x = 2 as an example, the particle starts from the original
position (x = 0). The probability distributions of the
position in the QRW with different coin operators are
addressed in Fig. 3. From the figure, we can find that
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FIG. 3. (Color online): The probability distribution of the
position in the QRW with the defect residing at x = 2. Three
different values of θ of the coin operators are chosen. Blue
solid, θ = pi/8, red dotted, θ = pi/6, green dotted dashed,
θ = pi/4. The initial state of the coin and position is taken
as, |Φ〉ini = (
i√
2
|0〉 + 1√
2
|1〉)c|0〉p. The phase of the defect,
φ = 1/2. The time step of the evolution in the QRW is 480.
among the value of the parameters θ = pi/8, pi/6, and
pi/4 of the coin operator, the probability of occupying
the position x = 2 is largest when θ is taken as pi/6.
While, as well known that, when the phase defect emerges
at the starting position, the probability distribution of
the position in the QRW exhibits a stronger localization
behavior around the defect with the increment of θ in
the infinite (even) time [3, 32]. However, for the defect
resides at the position x = 2 in our case, the behavior of
localization is different.
Now, we begin to elaborate the reason for the localiza-
tion behavior in our QRW. For each value of these three
different θs (θ = pi/8, pi/6, and pi/4), we obtain two
different eigenvalues (λ+ and λ−) and the correspond-
ing eigenvectors (|ψ+〉 and |ψ−〉) by applying Eq. 9 and
Eq. 16. The coefficients of α¯n and β¯n for different eigen-
5vectors are presented in Fig. 4, the zero point of x-axis in
our figure represents the position x = m that the defect
occupies. The points ±2 of x-axis in the figure depict the
nearest position with the defect, the points ±4 of the x-
axis describe the second-nearest position with the defect,
and so on. When considering the expressions αn and βn
mentioned in Eq. 4, the coefficients α¯n and β¯n take the
values of αn+m and βn+m, respectively.
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FIG. 4. (Color online): The amplitude of the probabilities
α¯n and β¯n with the defect residing at x = 2. The phase of
the defect, φ = 1/2. The values of α¯n and β¯n only emerge at
the even number of n. Three different values of θ of the coin
operator are considered, blue dotted, θ = pi/8, red circle, θ =
pi/6, green rectangle, θ = pi/4. The two figures above describe
the amplitudes for the eigenvector |ψ+〉, and the two figures
below represent the amplitudes for the eigenvector |ψ−〉.
The initial state of the coin and position is, |Φ〉ini =
(cosϕ · eiδ|0〉 + sinϕ|1〉)c|0〉p. The transition proba-
bility from the initial state to the localized stationary
states of the QRW |ψ+〉 and |ψ−〉 are, P (|Φ〉ini →
|ψ+〉) = |〈ψ+|U
2N
φ |Φ〉ini|
2 and P (|Φ〉ini → |ψ−〉) =
|〈ψ−|U
2N
φ |Φ〉ini|
2, respectively. Here, the superscript 2N
implies that the particle of the QRW takes N evolution
operator U2φ. The probability of the particle occupying
at position x = l with respect to different localized sta-
tionary states |ψ±〉 is obtained as,
P (n = l)|ψ+〉 = |λ
N
1 · α¯
+
l−m(cosϕ · e
iδα¯+∗−m + sinϕ · β¯
+∗
−m)|
2
+ |λN1 · β¯
+
l−m(cosϕ · e
iδα¯+∗−m + sinϕ · β¯
+∗
−m)|
2,
P (n = l)|ψ
−
〉 = |λ
N
2 · α¯
−
l−m(cosϕ · e
iδα¯−∗−m + sinϕ · β¯
−∗
−m)|
2
+ |λN2 · β¯
−
l−m(cosϕ · e
iδα¯−∗−m + sinϕ · β¯
−∗
−m)|
2,
(19)
where the defect stays at the position x = m. In our
depiction of Fig. 3, the parameters of our initial state
|Φ〉ini is taken as, ϕ = pi/4, and δ = pi/2. When we take
the value of the phase φ of the defect as 1/2, and the value
of θ is pi/8, pi/6, or pi/4, the localized stationary states
|ψ+〉 and |ψ−〉 both have contributions to the probability
P (n = l). Considering that we study the amplitude of
the probability at the position of the defect, l = 2, the
associated terms α¯n and β¯n in Eq. 19 are α¯0, α¯−2, β¯0
and β¯−2. As addressed in Fig. 4, although the values
α¯0 and β¯0 increase with the increase of θ, the values of
other amplitudes, α¯−2 and β¯−2, do not go up with the
θ monotonically. The value α¯−2 and β¯−2 with θ = pi/6
are obviously larger than that with θ = pi/4, respectively.
So in the QRW with one phase defect, the probability of
occupying at positon x = 2 goes up when the parameter
θ of the coin operator changes from pi/8 to pi/6, later
it drops down to a smaller value with the parameter θ
changing to pi/4.
Odd case. We have discussed the effect of coin opera-
tors on the probability distribution of the QRW with the
defect appearing at the position x = 2. Next, we will con-
sider the probability distribution of the QRW with the
defect occupying at the odd position. We take x = 3 as
the position of the phase defect. The particle starts from
the original position, x = 0. The initial state of the coin
and the position is, |Φ〉ini = (cosϕ ·e
iδ|0〉+sinϕ|1〉)c|0〉p.
Three different coin operators are taken with the choices
of θ as, θ = pi/10, pi/8, and pi/6. The amplitudes of the
probabilities for the positions in the QRW are revealed in
Fig. 5. We can find that the localization of the probabil-
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FIG. 5. (Color online): The probability distribution of the
position in the QRW with the defect residing at x = 3. Three
different values of θ of the coin operators are chosen. Blue
solid, θ = pi/10, red dotted, θ = pi/8, green dotted dashed,
θ = pi/6. The initial state of the coin and position is taken
as, |Φ〉ini = (
i√
2
|0〉 + 1√
2
|1〉)c|0〉p. The phase of the defect,
φ = 1/2. The time step of the evolution in the QRW is 481.
ity distribution appears at the position x = 3. As stated
by the previous results, when the position of the single
defect is placed at x = 1, the localization of the prob-
ability distribution appears at the position x = 1, and
the amplitude of the probability of occupying this posi-
tion increases monotonically with the increase of value
of θ. [2, 3, 32] But the amplitude of localization at the
position x = 3 does not change larger when the value of
6θ increases, see Fig. 5. The probability at the position
x = 3 with θ = pi/8 is larger than the probability with
θ = pi/6 and θ = pi/10. The reason for this phenom-
ena is provided in the following. We start to analyze the
amplitudes of the eigenvectors of U2φ. Two eigenvalues
(λ1,2) and two localized eigenstates (|ψ±〉) are obtained.
The amplitudes of α¯n and β¯n for the eigenvectors (|ψ+〉
and |ψ−〉) are shown explicitly in Fig. 6. Considering the
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FIG. 6. (Color online): The amplitude of the probabilities
α¯n and β¯n with the defect residing at x = 3. The phase of
the defect, φ = 1/2. The values of α¯n and β¯n only emerge at
the even number of n. Three different values of θ of the coin
operator are considered, blue dotted, θ = pi/10, red circle, θ =
pi/8, green rectangle, θ = pi/6. The two figures above describe
the amplitudes for the eigenvector |ψ+〉, and the two figures
below represent the amplitudes for the eigenvector |ψ−〉.
probability distribution of the QRW emerges at the odd
position in the odd time, we apply one step of evolution
Uφ to the initial state |Φ〉ini and obtain |Φ〉1 as,
|Φ〉1 =Uφ|Φ〉ini
=(eiδ cosϕ · cos θ + sinϕ · sin θ)|0〉c| − 1〉p
+ (eiδ cosϕ · sin θ − sinϕ · cos θ)|1〉c|1〉p.
(20)
When taking into account the parameters λ± and |ψ±〉
are the eigenvalues and eigenvectors of U2φ, we obtain the
transition probability from the initial state to the local-
ized stationary state |ψ+〉 and |ψ−〉, P (|Φ〉ini → |ψ+〉) =
|〈ψ+|U
2N+1
φ |Φ〉ini|
2 = |〈ψ+|U
2N
φ |Φ〉1|
2 and P (|Φ〉ini →
|ψ−〉) = |〈ψ−|U
2N+1
φ |Φ〉ini|
2 = |〈ψ−|U
2N
φ |Φ〉1|
2, respec-
tively. The superscript 2N + 1 of Uφ means that the
total time step evolution of the QRW is 2N + 1. With
the explicit expression |Φ〉1 from Eq. 20, the probability
at position x = l takes the form as,
P (n = l)|ψ+〉 = |λ
N
1 α¯
+
l−m{α¯
+∗
−m−1(e
iδ cosϕ cos θ + sinϕ sin θ)
+ β¯+∗−m+1(e
iδ cosϕ sin θ − sinϕ cos θ)}|2
+ |λN1 β¯
+
l−m{α¯
+∗
−m−1(e
iδ cosϕ cos θ + sinϕ sin θ)
+ β¯+∗−m+1(e
iδ cosϕ sin θ − sinϕ cos θ)}|2,
P (n = l)|ψ
−
〉 = |λ
N
2 α¯
−
l−m{α¯
−∗
−m−1(e
iδ cosϕ cos θ + sinϕ sin θ)
+ β¯−∗−m+1(e
iδ cosϕ sin θ − sinϕ cos θ)}|2
+ |λN2 β¯
−
l−m{α¯
−∗
−m−1(e
iδ cosϕ cos θ + sinϕ sin θ)
+ β¯−∗−m+1(e
iδ cosϕ sin θ − sinϕ cos θ)}|2.
(21)
When the defect resides at position m = 3, the probabil-
ity of occupying the position l = 3 is related to the terms,
α¯0, α¯−4, β¯0, and β¯−2. Taking into account the param-
eters addressed in Fig. 5, we have chosen ϕ = pi/4, and
δ = pi/2. The phase of the defect, φ = 1/2. As presented
in Fig. 6, the amplitudes of α¯0 and β¯0 is becoming larger
with the increase of θ. When considering two other co-
efficients α¯−4 and β¯−2, these two terms take the largest
value for θ is not pi/6. That is the reason that we can
obtain the largest probability at position x = 3 when the
value of θ is taken as pi/8, given three different values of θ
in Fig. 5. In contrast, when the defect stays at x = 1, the
probability of locating at position x = 1 increases with
the increase of θ [2, 3, 32]. The localization of the proba-
bility distribution in the QRW when the defect occupies
the position x = 3 exhibits different behaviors with that
containing the defect at position x = 1.
Based on the discussion above, it is apparent that the
coin operator has a dominant influence on the amplitude
of localization of probability distribution in the QRW. By
employing the obtained values of coefficients for the local-
ized eigenstates, we can understand why the amplitude of
localized probability exhibits the different dependence on
the coin operator, when the defect occupies different po-
sitions. This non-trivial localized behavior is attributed
to the overlap between the initial state and the localized
eigenstates associated with the coin operator. Similar
analysis on the localization in the QRW can be executed
for the defect occupies the position x ≥ 4 also.
So far, we have studied theoretically the localization of
probability distribution in the QRW with defects. Such
localization of probability distribution can be observed in
the experiment as realized in Ref. [34, 35]. In their exper-
iments, the Hilbert space for the coin operator is spanned
by the polarization degree of the light, and the step evolu-
tion is realized with the polarizing beam splitters (PBS)
and fiber lines. Different positions in the QRW is revealed
with different arriving times of photons in the avalanche
photodiodes (APD). By applying the time-dependent sig-
nal to the electro-optic modulator (EOM), the phase de-
fect can be introduced into the certain position of the
QRW. Considering the QRW with the defect occupying
the position x = 2, we find that the localization of prob-
ability distribution is apparent when the particle under-
goes 30 steps evolution in the QRW. For the experimental
7realization mentioned above, the standard QRW with 28
steps evolution has been achieved [34]. This experimen-
tal realization might provide a platform to observe the
localization of the probability distribution in the QRW
with defects.
IV. CONCLUSION
In summary, we have studied the localization of the
position distribution in the QRW on an infinite chain.
When the single phase defect is introduced into the posi-
tion of the QRW, the probability at that position where
the defect occupies does not tend to zero in the infinite
time limit, and the localization of the probability distri-
bution in the QRW emerges. Later we discuss the ef-
fect of different coin operators on the localization of the
QRW. Taking the defect residing at the position x = 2 or
x = 3 as examples, we find that the localized probability
of the position where the defect occupies does not go up
monotonically with the increase of θ. Such non-trivial
θ-dependence of localized probability in the QRW is dif-
ferent from that when the defect locates at the position
x = 0 or x = 1, in which a trivial monotonic increase of
localized probability with θ is revealed [2, 3, 32]. Our new
findings of localization in the QRW with defects deepen
our insight into the properties of the QRW, and help us
to design quantum algorithms and quantum computation
in the QRW.
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